In 'A survey of two-graphs' [24], J.J. Seidel lays out the connections between simple graphs, two-graphs, equiangular lines and strongly regular graph. It is well known that there is a one-to-one correspondence between regular two-graphs and equiangular tight frames. This article gives a generalization of two-graphs for which these connections can be mimicked using roots of unity beyond ±1.
Introduction
Two-graphs play a wide and varied role in several areas of mathematics. To quote J.J. Seidel from his well-known paper, A survey of two-graphs [24] , "Twographs provide a good example of combinatorial geometry and group theory." The study of two-graphs is equivalent to the study of sets of equiangular lines in Euclidean geometry, sets of equidistant point sets in elliptic geometry, binary maps of triples with vanishing co-boundary, and double coverings of complete graphs.
Applications include but are not limited to network theory [1] and coding theory [10] . At the beginning of the 21 st century, R. Holmes and V. Paulsen in [17] and T. Strohmer and R. Heath in [28] , discovered the work done by J.J. Seidel and others regarding two-graphs had found another application. In particular, the existence and construction of real equiangular tight frames (ETFs) was expedited by their discovery of the fact that there is a in one-to-one correspondence between real ETFs and regular two-graphs. This one-to-one correspondence is a wellknown fact in the frame theory community [1, 2, 3, 4, 7, 15, 8, 27, 28, 29, 4, 19, 30] . Indeed extending the already lengthy list of applications of two-graphs to now include such areas as signal processing and communication theory.
In this article, we present an alternate yet equivalent definition of a two-graph. This new definition allows us to generalize the definition of a two-graph in a natural and intuitive way to what we refer to as a complex two-graph. Associated to each two-graph is a set of Seidel adjacency matrices, that is, a set of symmetric matrices whose diagonal entries are all zero and off diagonal entries are ±1. Similarly, associated to each complex two-graph is a set of complex Seidel adjacency matrices,that is, a set of self-adjoint matrices whose diagonal entries are all zero and off diagonal entries are m th roots of unity for a fixed m in N. The fact that the off diagonal entries of a "real" Seidel adjacency matrix are square roots of unity is a trivial yet surprisingly useful observation. This observation coupled with our equivalent definition of a two-graph is the key to this extension. Furthermore, many of the results regarding complex two-graphs mirror the analogous results pertaining to two-graphs.
For example, it is well-known that for a set of equiangular lines in R k to meet the absolute or relative bounds, the associated two-graph must be regular, i.e., the associated Seidel adjacency matrix has precisely two distinct eigenvalues. These results extend naturally to C k . That is, regular complex two-graphs produce sets of equiangular lines that meet either the absolute or relative bounds. Consequently, associated with each regular complex two-graph is a complex ETF.
This article is organized as follows. In Section 2, the motivation underlying the definition of a two-graph is presented. Section 3 discusses the relationship between two-graphs, equiangular lines, and ETFs, comparing the real case to the complex case. Section 4 presents the reader with a careful introduction to complex two-graphs via the cube roots of unity. Section 5 extends the definitions and results from Section 4 to include the m th roots of unity for a fixed m in N. For the reader familiar with two-graphs this paper is self-contained. For the reader not as familiar with two-graphs many of the definitions and results in this article are accompanied by examples intended to motivate said definitions or results.
Motivating the Definition of a Two-Graph
In this section we summarize the first four sections of J.J. Seidel's, A Survey of Two-Graphs, [24] . Lemma 2.7 lays the foundation for understanding the generalization of a two-graph presented in Section 4.
A graph is a pair (Ω, E) where Ω is a set of vertices, and E is a set of unordered pairs of vertices, whose elements are called edges. For the purposes of this paper, graphs do not have loops or multiple edges. A complete graph on n vertices is a graph with |Ω| = n and E contains every possible unordered pair of vertices.
Denote by A X and V X the adjacency matrix, and the set of vertices of the graph X, respectively. We also use I n for the n × n identity matrix and J n for the n × n matrix of all ones. Definition 2.1. Given a graph X on n vertices, the Seidel adjacency matrix of X is defined to be the n × n matrix S X := (s ij ) where s i,j is defined to be −1 when i and j are adjacent vertices, +1 when i and j are not adjacent, and 0 when i = j.
The Seidel adjacency matrix of X is related to the usual adjacency matrix A X by
Definition 2.2. Let X be a graph and τ ⊆ V X . Now define the graph X τ to be the graph arising from X by changing all of the edges between τ and V X − τ to nonedges and all the nonedges between τ and V X − τ to edges. This operation is called switching on the subset τ , see [10] .
The operation of switching is an equivalence relation on the collection of graphs on n vertices. This can be seen by observing if τ ⊆ V X , then switching on τ is equivalent to conjugating S X by the diagonal matrix D with D ii = −1 when i ∈ τ and 1 otherwise. The switching class of X, denoted [X] , is the collection of graphs obtained from X by switching on every subset of V X . Figure 1 will be denoted as X S . This graph will be referred to frequently throughout the paper. The graph in Figure 2 can be obtained by switching X S on the set τ = {2, 3}. As stated above, switching on τ is equivalent to conjugating S X by the diagonal matrix D with D ii = −1 when i ∈ τ and 1 otherwise. This is demonstrated in Example 2.4.
Example 2.3. The graph in

Example 2.4. The Seidel matrix for X S is
The diagonal matrix D corresponding to switching on the set τ = {2, 3} is Figure 2 .
The result of this conjugation is Seidel matrix for the graph in
The graphs X and Y on n vertices are called switching equivalent if Y is isomorphic to X τ for some τ ⊂ V X , see [10] .
Switching equivalent defines a second yet coarser equivalence relation on the collection of graphs on n vertices. The switching equivalent class of X, denoted
, is the collection of graphs obtained from X by conjugating S X by a signed permutation matrix, i.e. the product of a permutation matrix and a diagonal matrix of ±1 ′ s. Thus, the spectrum of the Seidel adjacency matrices of switching equivalent graphs are identical. Note that [X] is a subset of [[X]] for any graph. For the complete graph and empty graph on n vertices, their switching classes are equal to their switching equivalent classes. Proof. On 3 vertices there are 4 non-isomorphic graphs, 2 distinct switching classes of graphs, and 2 distinct switching equivalent classes of graphs. The 4 non-isomorphic graphs X 1 , X 2 , X 3 , and X 4 are given in Figure 3 . Clearly, 
Figure 4: Nonisomorphic graphs on 4 vertices.
Lemma 2.7 is the motivation behind the definition of a two-graph. Let Ω be a finite set and ∆ a set of triples of elements from Ω. Lemma 2.9 is necessary to prove Theorem 2.10 below which states there is one-to-one correspondence between two-graphs and the switching classes of graphs on n vertices. Proof. Let v be any vertex in Ω and S the set of vertices in Ω which have different adjacency with v in (Ω, E) and (Ω, E ′ ). Switching (Ω, E ′ ) on the set S gives a new graph (Ω, E ′′ ) such that the adjacencies of v with every other vertex are the same in (Ω, E) and (Ω, E ′′ ). Consider a pair of vertices {u, w} from Ω for which neither is equal to v. By hypothesis, the triangles {v, u, w} in (Ω, E) and (Ω, E ′ ) have the same parity of edges. Switching on S preserves the parity of these triangles, so the triangles {v, u, w} in (Ω, E) and (Ω, E ′′ ) have the same parity of edges and the adjacencies between v and u, and v and w are equal. Thus, the adjacency between u and w must also be the same for (Ω, E) and (Ω, E ′′ ). Therefor, these two graphs are isomorphic and the original two are switching equivalent. The following is Seidel's proof and is included for later reference.
Proof. Let (Ω, E) be any graph. Define ∆ as the triples of Ω which correspond to triangles containing an odd number of edges. By Corollary 2.6, ∆ is invariant under switching. Lemma 2.7 proves (Ω, ∆) is a two-graph.
Conversely, let (Ω, ∆) be a two-graph, satisfying Definition 2.8. Select any ω in Ω and partition Ω \ {ω} into any 2 disjoint sets Ω 1 and Ω 2 . Let E consist of the following pairs:
Thus, we associate to (Ω, ∆) a class of graphs (Ω, E). By construction, ∆ is the set of triangles in (Ω, E) which have an odd number of edges. So, by Lemma 2.9, the class of graphs constructed from (Ω, ∆) is a switching class and distinct switching classes yield distinct two-graphs. This proves the theorem. Table 1 provides partial data on the number of non-isomorphic graphs, switching classes (two-graphs), and switching equivalent classes (non-isomorphic twographs) on n vertices up to n = 12 [21] . Indeed for Ω = {1, 2, 3} there are 2 two-graphs which are non-isomorphic. For Ω = {1, 2, 3, 4} there are 8 twographs but only 3 non-isomorphic two-graphs. Two of the three aforementioned non-isomorphic two-graphs correspond to the empty and complete graphs on 4 vertices and the third non-isomorphic two-graph corresponds to any one of the six 1-edge graphs on 4 vertices. This is precisely Lemma 2.7. This section reviews the process which takes a two-graph to a set of equiangular lines and vice versa. This process provides both the insight and the underlying motivation for our generalization of the definition of a Seidel matrix to allow m throots of unity in the off diagonal entries as well as our generalization of the definition of a two-graph.
Equiangular Lines in
Given a set Γ = {x 1 , ..., x n } of vectors in R k , let U be the k × n matrix with the elements of Γ as its columns. Then
is the Gram matrix of the vectors in Γ.
If Γ is set of unit vectors representing a set of equiangular lines in R k with x T i x j = ±α, then the n × n Gram matrix associated with Γ has the form
where S is an n × n Seidel adjacency matrix. Let X be the graph associated to the matrix S. If Ω := {1, 2, 3, ..., n} and ∆ is the set of all triples of vertices of X whose induced subgraph on three vertices has either 1 or 3 edges, the ordered pair (Ω, ∆) is a two-graph by Lemma 2.7.
Thus, every set of n-equiangular lines in R k yields a two-graph using the previously described process. It is worth noting there are 2 n−1 distinct Seidel adjacency matrices associated with a given set of n-equiangular lines. However, this set of Seidel adjacency matrices belong to the same switching class.
A Two-Graph to Equiangular Lines in R k
Constructing a graph (Ω, E) from a two-graph (Ω, ∆) is not a well-defined process. Indeed there is a one to many correspondence. Fortunately the many are in the same switching class. The proof of Theorem 2.10 includes a process of how to build a graph (Ω, E) given a two-graph (Ω, ∆). We review this process below as well as include an example.
Pick v in Ω and a subset Ω 1 of Ω \ {v}. Define Ω 2 as the complement of Ω 1 in Ω \ {v}.
• Start with E = {}.
• For each ω in Ω 1 , add {v, ω} into E.
• For each pair {ω,
• For each pair {ω, ω ′ } with ω in Ω 1 and ω
The resulting set E is the edge set for a graph (Ω, E). Example 3.1 illustrates this process.
Example 3.1. Consider the two-graph
• Add {2, 5} and {2, 6} into E.
• Since {1, 2, 5} and {2, 3, 6} are not in ∆, we include {1, 5} and {3, 6} in E.
• Since {1, 2, 3} is in ∆, we include {1, 3} in E.
The resulting graph is
or as in Figure 5 . One should notice the choice of v, Ω 1 and Ω 2 will possibly result in different graphs, but they will be in the same switching class. Applying a permutation from S |Ω| to the labels in the triple sets of ∆ will result in a graph switching equivalent to X S . Given a two-graph (Ω, ∆) construct a graph, say X, on n vertices using this process. Again any graph constructed using this process must be in the same switching class as any other graph constructed via the given two-graph (Ω, ∆). Consequently, the spectrum of the associated Seidel matrix denoted, S X , of any such graph X, remains constant. Since trS X = 0 and S X = 0, the least eigenvalue of S X is negative. It follows that
is a positive semi-definite matrix where −α denotes the least eigenvalue of S X . Thus if the G has rank k, then there is a k × n matrix U such that G = U T U, where the n columns of this matrix U are the vectors in Γ which generate the n-equiangular lines in R k . Once again G is the Gram matrix associated with Γ.
Equiangular Lines in C k and Complex Seidel Adjacency Matrices
Now consider a set of equiangular lines in C k . If Λ = {z 1 , ..., z n } is a set of vectors representing this set of equiangular lines in C k with |z * i z j | = α, then the n × n Gram matrix associated with Λ has the form
where Q is a Hermitian matrix with all diagonal entries zero and all off-diagonal entries have modulus 1. In [17] , Holmes and Paulsen call such a matrix Q a signature matrix. However, some authors refer to this matrix as a Seidel matrix due to the connection to two-graphs. For the remainder of this paper we define a complex Seidel adjacency matrix as follows. Thus, there is a one-to-one correspondence between sets of n-equiangular lines in C k and complex Seidel adjacency matrices. In Sections 4 and 5 we prove a given complex Seidel adjacency matrix which has only roots of unity for its nonzero entries gives a natural way to generalize the definition of a two-graph to what we refer to as a complex two-graph. Moreover, we show complex regular two-graphs are precisely the complex two-graphs for which the relative or absolute bounds are met for the associated set of equiangular lines.
Relative, Absolute, and Welch Bounds
The maximal number of equiangular lines in either R k and C k occurs precisely when the associated Seidel adjacency matrix has exactly two distinct eigenvalues, e.g., [17, 10, 24] . In addition, the vectors associated with the maximal set of equiangular lines span the ambient space. This is a particularly valuable fact in frame theory since it guarantees this set of vectors, with a slight modification to their length, will be an ETF in either R k or C k . It is well known that the maximal number of equiangular lines is
One way to prove this in R k is to show the projections corresponding to the equiangular lines form a linearly independent set inside the vector space of symmetric k × k matrices which has dimension
. One difference in the complex setting is that the Hermitian k × k matrices do not form a vector space over C. However, the Hermitian k × k matrices do form a vector space over R with dimension equal to k 2 . In Proposition 3.3, we derive the known upper bound, k 2 , for the number of equiangular lines in C k using this idea. We begin by noting if z is a unit vector in C k , then Z = zz * is a Hermitian k × k matrix and Z 2 = Z. It is also worth noting replacing z by e iθ z does not change the matrix Z. To compare with the real case, for a line through the origin in R k there are two distinct unit vectors which can be used to represent the given line. However, in the complex case, for a line through the origin in C k there are infinitely many unit vectors one can choose to represent the given line. Now if W is also a unit vector in C k and W = ww * , then
and so tr(ZW ) = | z, w | 2 .
Proposition 3.3 and it's proof closely resemble Theorem 11.2.1 in [10] . For the remainder of this section Γ = {z 1 , ..., z n } will denote a set of unit vectors associated with a set of equiangular lines in C k , and Z 1 , ..., Z n will denote the projections onto this set of equiangular lines, i.e., Z i = z i z Proof. Let α = | z i , z j | for i = j, the cosine of the smaller angle between the
It follows that the tr(W 2 ) = 0 if and only if c i = 0 for all i. So, the Z i are linearly independent. The space of Hermitian k × k matrices over R has dimension k 2 , and the result follows.
The following two propositions are Lemmas 11.3.1 and 11.4.1 in [10] . The proofs of these propositions are not included since they are identical to the proofs given in [10] and the idea is similar to the proof of Proposition 3.3. [10] ) Suppose {z 1 , ..., z n } is a set of n equiangular lines in
The Seidel matrix determined by any set of n unit vectors spanning these lines has eigenvalues
If Z 1 , ..., Z n are the projections onto these lines, then equality holds if and only if
To summarize, given a set of equiangular lines in either C k or R k this set of lines spans the given space if and only if equality holds in Proposition 3.5. In addition, this set of equiangular lines is maximal in the space. The Welch bound plays an equivalent role in frame theory, that is, a given set of frame vectors it is necessary for equality to hold in the Welch bound for the frame vectors to be an equiangular tight frame.
Cube Root Two-Graphs
In [3] , to simplify the search for complex ETFs the authors restrict the off diagonal entries of a Seidel adjacency matrix to the cube roots of unity. The fact that the Seidel adjacency matrix must have two distinct eigenvalues coupled with this restriction to the cube roots of unity introduced new constraints that must be satisfied for the frame associated with the Seidel adjacency matrix to be an ETF. These new constraints along with the fact that these "cube root Seidel adjacency matrices" corresponded to strongly regular graphs allowed the authors to discover new complex ETFs.
Like the authors in [3] , J.A. Tropp in [30] simplifies the search for complex ETFs but this time by restricting the entries of the frame vectors to m th roots of unity. D. Kalra developed a technique in [19] which similarly restricts the entries in the frame vectors. Neither Tropp's nor Kalra's techniques lead to Seidel matrices whose nonzero entries are all roots of unity. Tropp poses several open questions at the end of [30] , one of which is "Are complex ETFs equivalent to some type of graph or combinatorial object?".
In this section, we use the techniques from [3] to extend the definition of a two-graph and answer the above question posed in [30] .
Recall that associated to each Seidel adjacency matrix there is a two-graph and to each two-graph there is an associated switching class of Seidel matrices. In this section, all nonzero entries of the "Seidel adjacency matrix" will be restricted to the cube roots of unity. That is, ω := e 2π/3 , ω 2 := e 4π/3 , and 1. Such a matrix will be called a cube root Seidel matrix. The graph associated with an n × n cube root Seidel matrix will be a complete graph on n vertices with edges weighted by 1, ω, and ω 2 . Such graphs will be referred to as cube root edge weighted graphs or CREW graphs. Figure 6 gives an example of such a graph. Unlike the real-case, there is a choice as to which matrix will correspond to the graph given in Figure 6 . For the purposes of this article, the weight of the edge {i, j} with i < j will be the (i, j) th entry in the corresponding cube root Seidel matrix, which means the (j, i) th entry will be the complex conjugate of the (i, j) th entry. The cube root Seidel matrix corresponding to Figure 6 is
Recall from Section 2, switching a graph X on a subset τ ⊆ V X is equivalent to conjugating S X by the diagonal matrix D with D ii = −1 when i ∈ τ and 1 otherwise. The following is an example of a switch on the graph in Figure 6 with the resulting graph. In the real case, we switched on a vertex or a set of vertices of a graph. Working with weighted graphs changes this approach. In this case, we say switching the i th vertex by weight ω is the result of conjugating by the diagonal matrix which has 1 ′ s on the diagonal with the exception that ω is in the i th position. Careful consideration of the example above suggests Proposition 4.2. Proof. Let S be the Seidel matrix for G and D the diagonal matrix corresponding to this switch. The resulting matrix G ′ has Seidel matrix DSD −1 . Since we weight our graphs using the upper half of the Seidel matrix, we see the entries in DSD −1 above the diagonal in the i th row (i < j) are multiplied by ω and in the i th column (j < i) are multiplied by ω.
The proof of Proposition 4.2 does not rely on cube roots of unity and extends to all complex numbers of modulus 1.
A Seidel matrix whose nonzero entries in the first row and column are all 1 ′ s is said to be in standard form. Each Seidel matrix, with real or complex entries, can be switched to be in standard form. The three graphs in Figure 8 are representatives for distinct switching classes of CREW graphs on 3 vertices. Figure 8 are the unique representatives in standard form from each switching class. Proof. Given any CREW graph on 3 vertices the associated Seidel adjacency matrix in standard form must be associated with one of the three graphs in Figure  8 . Now suppose there is a switch from one of the representatives in Figure 8 Proof. Let S be the Seidel matrix corresponding to G. Switching the vertex i by ω on the matrix becomes multiplying the i th row by ω and the i th column by ω 2 . Considering the graph corresponding to this new matrix gives the desired result since the edge weights come from the upper half of the matrix. Proof. Let S be a n × n cube root Seidel matrix. Switches of S are the result of conjugating S by diagonal matrices D in D 3 . If ω is a cube root of unity, then (ωD)S(ωD) −1 = DSD −1 . Thus, there are 3 n−1 elements in the switching class of S. To count the number of classes, divide the number of n × n cube root Seidel matrices, which is 3
Proposition 4.3. There are three distinct switching classes for the CREW graphs with 3 vertices. In fact, the three graphs in
, by the number of elements in each class. This yields the stated result.
As in the real case, when classifying CREW graphs up to isomorphism and switching, some switching classes collapse together. Allowing for both switching and isomorphism, the new classes are called switching equivalent classes. Let X be a CREW graph, then conjugating the associated cube root Seidel adjacency matrix, S X , by the product of a diagonal matrix D in D 3 and a permutation matrix P results in a cube root Seidel matrix, P DS X (P D) −1 , which is switching equivalent to X. The switching equivalent class of X, denoted [[X]], is the collection of all such conjugations.
While Proposition 4.5 gives the number of switching classes of CREW graphs, there is not a known formula for the number of switching equivalent classes. The sequence 2, 4, 14, 120, 3222 does not occur in the Online Encyclopedia of Integer Sequences, see [23] , so the number of switching equivalence classes of CREW graphs does not match with any known sequence. However, [12] contains a formula for the number of non-isomorphic CREW graphs on n vertices which is repeated in Appendix A.4. To compare with the real case, recall that Mallows and Sloan, [22] , provide a formula for the number of switching equivalent classes but the number of non-isomorphic graphs is the ever elusive graph isomorphism problem. Table 2 Recall in the real case, on four vertices there are 11 non-isomorphic graphs, 8 switching classes (or equivalently 8 two-graphs), 3 switching equivalent classes (or equivalently 3 non-isomorphic two-graphs). Using Table 2 and terminology in Section 4.3 we have on four vertices there are 42 non-isomorphic CREW graphs, 27 cube root two-graphs, and 4 non-isomorphic cube root two-graphs.
Complex Two-Graphs with Cube Roots of Unity
Before defining a complex two-graph with cube roots of unity a further exploration of two-graphs (in the real setting) will be useful. The following "new" yet equivalent definition of a two-graph plays a crucial role in adapting the definition of a two-graph to include not only CREW graphs but p th root edge weighted graphs as well. Theorem 2.10 connected two-graphs and switching classes of simple graphs. Restating Theorem 2.10 using Definition 4.6 requires replacing simple graphs with complete graphs whose edges are weighted by ±1, i.e., square root edge weighted graphs. This trivial replacement is the key to understanding the extension of the definition of a two-graph to include cube roots of unity in this section and the m th roots of unity in Section 5.
Theorem 4.9 (Theorem 2.10 restated using Definition 4.6). Given n, there is a one-to-one correspondence between the two-graphs (Definition 4.6) and the switching classes of ±1 edge weighted complete graphs on n vertices.
Proof. Let (Ω, E) be a complete graph on n vertices with the edges in E weighted by −1 and the rest of the edges weighted by 1. Define ∆ 1 as the set of triangles containing an odd number of edges weighted by −1, i.e., the switching class of the triangle with three −1 weighted edges, and ∆ 2 the rest of the triangles, i.e., the switching class of the triangle with three 1 weighted edges. Since ∆ 1 and ∆ 2 are invariant under switching, Lemma 2.7 proves (Ω, ∆ 1 , ∆ 2 ) is a two-graph. Conversely, let (Ω, ∆ 1 , ∆ 2 ) be a two-graph, satisfying Definition 4.6. Select any ω in Ω and partition Ω \ {ω} into any 2 disjoint sets Ω 1 and Ω 2 . Define E 1 and E −1 as the edges weighted by 1 and −1 respectively. For all ω 1 ∈ Ω 1 , the pair {ω, ω 1 } is in E −1 and for all ω 1 ∈ Ω 2 , the pair {ω, ω 2 } is in
Thus, we associate to (Ω, ∆ 1 , ∆ 2 ) a class of ±1 complete graphs (Ω, E 1 , E −1 ). By construction, ∆ 1 is the set of triangles in (Ω, E 1 , E −1 ) which have an odd number of edges weighted by −1. So, by Lemma 2.9, the class of graphs constructed from (Ω, ∆ 1 , ∆ 2 ) is a switching class and distinct switching classes yield distinct two-graphs. This proves the theorem.
The existence, and hence the definition, of two-graphs comes from Lemma 3.8 in [24] . Before defining cube root two-graphs, we extend this lemma. Proof. Let G be a CREW graph on 4 vertices and let G ′ be the graph obtained from G by removing edges with weight not w. By Lemma 2.7, there are an even number of induced subgraphs of G ′ on three vertices with an odd number of edges. These subgraphs correspond to the induced subgraphs of G which have an odd number of edges weighted with w.
Using Definition 4.6 as a model, we now define cube root two-graphs. Proving a version of Theorem 2.10 for cube root two-graphs requires extending Lemma 2.9. The idea behind the proof for Lemma 2.9 works equally as well in the cube root case, but some rewriting needs to be done since the parity of edges no longer makes sense. Proof. Let v be any vertex in Ω. Define S 1 as the set of vertices u in Ω such that the edge weight of {v, u} in (Ω, E ′ ) is ω times the edge weight in (Ω, E). Similarly, define S 2 as the set of vertices u in Ω such that the edge weight of {v, u} in (Ω, E ′ ) is ω 2 times the edge weight in (Ω, E). Switching (Ω, E ′ ) by ω on the set S 1 and by ω 2 on S 2 results in a new graph (Ω, E ′′ ) such that the adjacencies of v with every other vertex are the same in (Ω, E) and (Ω, E ′′ ). Consider a pair of vertices {u, w} from Ω for which neither is equal to v. By hypothesis, the triangles {v, u, w} in (Ω, E) and (Ω, E ′ ) have the same parity of each possible edge weight. Switching on S preserves the parity of these triangles, so the triangles {v, u, w} in (Ω, E) and (Ω, E ′′ ) have the same parity of edge weights and the weights of the edges {v, u}, and {v, w} are equal. Thus, the edge weight of {u, w} must also be the same for (Ω, E) and (Ω, E ′′ ). Therefor, these two graphs are isomorphic and the original two are switching equivalent. Proof. Let (Ω, E) be a complete graph on n vertices with the edges weighted by cube roots of unity. Define ∆ 1 , ∆ 2 and ∆ 3 to be the sets of triples of vertices whose induced subgraphs are in the switching classes of the corresponding graphs given in Figure 8 . Since ∆ 1 , ∆ 2 , and ∆ 3 are invariant under switching, Lemma 4.10 proves (Ω, ∆ 1 , ∆ 2 , ∆ 3 ) is a cube root two-graph.
Conversely, let (Ω, ∆ 1 , ∆ 2 , ∆ 3 ) be a cube root two-graph. Select any v in Ω and partition Ω \ {v} into any 3 disjoint sets Ω 1 , Ω 2 , and Ω 3 . For simplicity, we assume Ω = {1, ..., n}, v = 1 and for each i ∈ Ω 1 , j ∈ Ω 2 and k ∈ Ω 3 , i < j < k. Changing any choices of v and Ω 1 , Ω 2 , and Ω 3 to fit this description is a permutation of Ω which simplifies the following construction but does not restrict the generality of the proof.
From the partition, build a CREW graph G as follows: Let E 1 , E 2 and E 3 be a partition of the edges of G such that an edge in E i has weight ω i . As an abuse of notation, we consider indices for E i to be modulo 3, so E 1 = E 4 and E 2 = E 5 .
• For every u in Ω i , put {v, u} in E i .
• For every pair u and w in Ω i , if {1, u, w} is in ∆ j , put {u, w} in E j .
• For every u in Ω 1 and w in Ω 2 , if {1, u, w} is in ∆ j , put {u, w} in E j+1 .
• For every u in Ω 2 and w in Ω 3 , if {1, u, w} is in ∆ j , put {u, w} in E j+1 .
• For every u in Ω 1 and w in Ω 3 , if {1, u, w} is in ∆ j , put {u, w} in E j+2 .
Thus, associated to (Ω, ∆ 1 , ∆ 2 , ∆ 3 ) is a class of CREW graphs of the form (Ω, E 1 , E 2 , E 3 ). By construction, ∆ i is the set of triangles in (Ω, E 1 , E 2 , E 3 ) which have an odd number of edges weighted by ω i . So, by Lemma 4.12, the class of graphs constructed from (Ω, ∆ 1 , ∆ 2 , ∆ 3 ) is a switching class and distinct switching classes yield distinct two-graphs. This proves the theorem.
The use of a permutation in the proof of Theorem 4.13 is justified since to get around this complicates the decision process for putting edges into the E i . For example, if we don't assume v = 1 and the Ω i 's are ordered, we get for every u in
j + 1 if v < u < w and {v, u, w} ∈ ∆ j j + 2 if v < w < u and {v, u, w} ∈ ∆ j 2j if u < v < w and {v, u, w} ∈ ∆ j j + 2 if u < w < v and {v, u, w} ∈ ∆ j 2j if w < v < u and {v, u, w} ∈ ∆ j j + 1 if w < u < v and {v, u, w} ∈ ∆ j .
Writing out all of the cases in this format will lead to the same result and is not useful for understanding the proof or constructing CREW graphs from cube root two-graphs.
The following example describes a cube root two-graph.
Example 4.14. Following the proof of Theorem 4.13, the graph with cube root Seidel matrix
corresponds to the cube root two-graph with Ω = {1, . . . , 8}, A regular two-graph is a two-graph such that any, and consequently all, of the associated Seidel adjacency matrices have two distinct eigenvalues. There is an intimate relationship between regular two-graphs and strongly regular graphs which is captured in Theorem 4.15.
Let Φ be a two-graph and X an associated graph. A vertex of X can be isolated by switching and removed, resulting in a graph with one fewer vertex, called a neighborhood of Φ. Theorem 4.15 explains the motivation behind calling a two-graph with exactly two-eigenvalues a regular two-graph. Furthermore the strongly regular graphs have been actively studied and many of these results can be used to build regular two-graphs. Regular two-graphs are important because they are the only nontrivial two-graphs for which the corresponding set of equiangular lines meet the absolute bound or the relative bound. Thus, the set of vectors determined by choosing a unit vector to represent each line spans the ambient space. In frame theory this guarantees this set of vectors with adjusted lengths will form an equiangular tight frame.
The proof of Theorem 4.15 uses terminology such as equitable and quotient matrix which are specific to graphs as well as powerful tools. While this terminology does not apply directly to the cube root setting, the underlying linear algebra results do hold, and gives us Theorem 4.16.
Similar to two-graphs, we call a cube root two-graph regular if any, and hence all, associated CREW graph has two eigenvalues. In [3] , they show if a cube root Seidel adjacency matrix with two eigenvalues, λ 1 and λ 2 , is in standard form, then all rows after the first have a constant sum. The row sum being constant is the key to proving Theorem 4.16. 
One neighborhood of Φ is a CREW graph with vertex sum µ and eigenvalues
µ, λ 1 , and λ 2 . The multiplicity of µ is 1.
Proof. 1 → 2 : Let x be a vertex of Φ and S a Seidel matrix whose first row and column correspond to x. Without loss of generality, assume S is in standard form, which corresponds to x being isolated. By [3] , S has two eigenvalues, λ 1 and λ 2 . Let A be the (n − 1) × (n − 1) matrix obtained from S by removing the first row and column. By the interlacing theorem, n − 2 of the eigenvalues of A are λ 1 or λ 2 . By [3] , the rows of A have a constant sum equal to µ, so this is an eigenvalue for A as well. 2 → 3 : Obvious. 3 → 1 : Let A be a matrix corresponding to a cube root Seidel graph with vertex sum µ and eigenvalues µ, λ 1 , and λ 2 . By the Spectral Theorem, eigenvectors for λ 1 and λ 2 can be chosen to be orthogonal to 1, the eigenvector corresponding to µ. Let S be the matrix 0 1 If v is an eigenvector for B, then P v is an eigenvector for S for the same eigenvalue. The characteristic polynomial for B is x 2 − µx − (n − 1), so its eigenvalues are λ 1 and λ 2 . Since the first component of P v is nonzero, these eigenvectors are not any of the previously known eigenvectors of S, so S has just the two eigenvalues. Thus, S is a Seidel matrix which corresponds to a regular cube root two-graph.
Constructions for (9,6) ETF
The article [3] contains an example of a (9, 6)-equiangular tight frame or equivalently 9 equiangular lines in C 6 . Their construction starts with the known directed strongly regular graph on 8 vertices in Figure 10 . and setting the diagonal entries to 0. Adding a first row and column of ones, with zero on the diagonal entry, completes the construction. This new Seidel matrix has two eigenvalues, and will be switching equivalent to the matrix
where ω is a primitive cube root of unity. This construction is an application of proof of Theorem 4.16. While this construction seems to connect cube root two-graphs to directed strongly regular graphs with no undirected edges, the development of cube root two-graphs describe above can be extended to m th roots of unity. Along with this development, the authors have constructed nontrivial complex two-graphs and regular complex two-graphs for many roots of unity which do not obviously connect with generalizations of strongly regular graphs, see [7, 15] .
Complex Two-Graphs with m th Roots of Unity
Using the obvious definitions for m th root Seidel matrices and m th root edge weighted graphs, we reconsider the results of Section 4. Let D m be the collection of diagonal matrices whose nonzero entries are m th roots of unity, then the definitions of switching classes and switching equivalent classes make sense. With these definitions, most of the results from Section 4 are true for m th roots of unity without modification because their proofs do not depend on cube roots of unity.
Recall the representatives of switching classes for 3 vertices in Figure 8 . The extension is representatives have a single edge weighted by 1, ω,..., ω m−1 , with ω a primitive m th root of unity, and the other two edges both weighted by 1. Proposition 4.4 changes as follows, but the proof from Section 4 holds with the modification of the matrix entries being m th roots of unity. With the goal of defining m th root two-graphs, Lemmas 4.10 and 4.12 require special attention. Fortunately, the proof of Lemma 4.10 is an application of Lemma 2.7 and can be extended to any number of weights. The proof of Lemma 4.12 is extended to m th roots of unity by replacing ω 2 by ω. With these lemmas in place, we define m th root two-graphs as follows. As expected, the m th root two-graph are in one-to-one correspondence with the switching classes of m th root edge weighted graphs. The proof of this theorem follows from modifying the proof of Theorem 4.13 to use edge sets E 1 ,...,E m and extending the cases for all possible pairs of vertices. Fortunately, the edge weights are determined by the ∆ i 's, and the proof follows.
For regular m th root two-graphs, we need constant row sums in our m th root Seidel matrices. While, in [3] , the authors focus only on cube roots of unity, their result that the standard form of a cube root Seidel matrix with two eigenvalues has constant row sum for every row after the first does not depend on cube roots of unity, only on the standard form and two eigenvalues, and hence, is true for m 2. All the neighborhoods of Φ are m th root edge weighted graphs with vertex sums µ and eigenvalues µ, λ 1 , and λ 2 , the multiplicity of µ is 1.
One neighborhood of Φ is an m
th root edge weighted graph with vertex sum µ and eigenvalues µ, λ 1 , and λ 2 , the multiplicity of µ is 1.
The proof of Theorem 4.16 does not depend on cube roots of unity, only on the relationship between the row sums and the eigenvalues of the matrices corresponding to the cube root two-graph. So, replacing the cube roots by m th roots does not effect the proof and the result holds.
Appendix A. Known Formulas for Counting Switching Equivalence Classes and Cube Root Edge Weighted Graphs
In Tables 1 and 2 , formulas are used which were derived combinatorially. The techniques and terminology are different enough from the rest of this article that they deserve attention.
Suppose j is a positive integer and (j) denotes a partition of j. Define j k to be the number of times k appears in (j), so j k=1 k * j k = j. Several of the following formulas involve summations over all partitions of j which will be denoted as (j) .
In [22] , the following formula for the number of Euler graphs on n vertices is attributed to R. W. Robinson. The central result of [22] is Appendix A.2. Seidel had proved Appendix A.2 for odd n by finding Euler graphs as representatives of switching equivalent classes. Mallows and Sloan proved the even case without making an obvious connection between Euler graphs and switching equivalent classes or two-graphs.
Theorem Appendix A.1 (Eulerian Graphs). The number of Euler graphs on n vertices is
Theorem Appendix A.3 (Page 133 of [13] ). The number of complete directed graphs on n vertices is
where
gcd(r, s)n r n s .
Appendix A.3 holds interest for this article because of Appendix A.4.
Proposition Appendix A.4.
There is a one to one correspondence between cube root edge weighted graphs on n vertices and complete directed graphs on n vertices.
Proof. Given a complete directed graph G, label the vertices from 1 to n and define CRG to be a complete graph on n vertices. For any pair of vertices v and u, if two edges connect them in G, then weight the edge {v, u} of CRG with a 1. For any pair {v, u} with a single directed edge going from v to u, weight it by ω if v < u and ω 2 if u < v. The graph with CRG with these weights is a cube root edge weighted graph. The choice of labeling does not effect the outcome of the weights, so this assignment is one to one and clearly invertible.
